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Chapter 1 Getting Started
1.1 Introduction

Physics originated in antiquity; the Egyptians, Babylonians and Greeks gave us the: wedge,
inclined plane, hammer, pulley, and hydraulics.  The Greek philosophers and mathematicians, in
particular, did much to lay the foundations of physics.  In the Middle Ages, Aristotle's writings were
believed to be sacred and explain everything, but Aristotle, while amazingly perceptive at times,
suffered from intellectual arrogance (hubris).  He and many other Greeks of this time believed that
all truths came from their mind and harmonies (music of the spheres).  They frowned on the manual
labor of experiments to find what nature actually does - not just what they thought it does.  During
the Middle Ages, scientific thought, except possibly architecture, was stagnant and it remained so
until Galileo pioneered the experimental method.  

Theory and Experiment
Physics has two parts - theory and experiment - each supporting the other with the whole

greater than the sum of the parts.  Experiments provide the final test of a theory.  Any theory -
regardless of who  originated it, including Einstein, must agree with nature as shown by experiments.
On the other hand, experiments do not show principles of nature these must be deduced by theory.
Thus theory and experiment supporting other.  Usually experimental observations are made, and a
theory is concocted to explain the results.  Relativity was discovered by experiments which were
explained by Einstein and others.  Similarly, Newton developed the theory of gravity to explain
planetary motion.  The exception for this order was the electromagnetic wave theory predicted by
Maxwell many years before discovery by Heinrich Hertz’s  experiments.  He concluded conclusively
that light is a wave but he also discovered the photoelectric effect which showed that light is also a
particle.

Repeatability
One requirement of physics is that experimental results must be repeatable by any

experimenters - A requirement that excludes supernatural, and psychic phenomena. 

Physics without Numbers?
Qualitative description of objects say”big” or “little,”; “heavy” or “light.”  For example, a

qualitative comparison says: “John is larger than James.”  A quantitative comparison is: “John is six
feet tall and weighs 150 pounds; James is five feet six inches tall and weighs 180 lbs.”  This shows
the ambiguity of a statement that John is larger than James.  Even the statements:“John is taller than
James,” or “John is lighter than James,” do not say how much.  Quantitative statements require units
to express the difference in weight.  Numbers associating with properties makes precise comparisons
possible, but standards for reference are needed.
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a Until recently it was believed that physical variables were continuous, i.e.  having no
parts.  Mass is obviously discrete, but quantum theory holds that energy and related units are not
continuous on the atomic scale - they only seems to be continuous because the quantum units are
so small.  Time, a creation of man seems to be continuous.

2

Fig. 1.1-1 Sheep as Naturally 
Digitized Entities

Fig. 1.2-1 Man is the
Measure of All Things

However, there are some properties that are discrete thus
countable, other properties are continuous and cannot be counted.
Numbers enables counting discrete objects.  For example, sheep or
people may be easily counted but even in such simple cases, criteria
must be established as to what constitutes an object to be counted.
For example, are lambs (Figure 1.1-1)to be counted as sheep?  If so,
is a pregnant ewe one or two sheep?  Whenever objects can be
counted there is no need to invent units, but such situations form a
very limited part of human experiencea. 

1.2 Units of Measure

Phenomena that are continuous are measured by counting equivalent units.  Thus length is
measured by how many multiples of a foot (or some other standard of length) it takes to go from one
end to the other.  Weight is measured by how many pounds (or some other standard of weight) are
required to balance that being measured.  Fortunately only four units are needed to measure
everything.  The units are: length, mass, time, and charge.  These are sufficient to characterize all
properties with a number.  For example, space or distance is measured in units of feet or meters;
weight is in pounds or kilograms; time is in seconds, and charge is in Coulombs.  These are
creations of man and not natural.

1.2.1 Length

The length of an object is characterized by its two ends, and
the number of units of length that must be placed end-to-end to fill
the space between the ends.  The number and fraction of these units
defines the length in the units to make the measurement.  What
should be chosen for the unit?  It should be convenient, and
universally the same size.  And what unit of length is more
convenient than the human body?

The Egyptians in, 3000 BC, used the cubit, the distance from
the elbow to the extended finger tips, as their unit of length.  The
standard was the master cubit (20.62 inches) which was subdivided
into a digit, the width of a finger, and even further subdivided.  The
accuracy of measurements using the cubit is attested by its use in
measuring the thousands of stones for the Great Pyramid at Gizeh resulting in the pyramid's sides
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Fig. 1.2-2 The Meter was Originally
 Defined as 1/10,000,000
 of the Earth’s Meridian

being equal to an accuracy of 5 parts in 10,000.  
The basic unit of length used by the Greeks was the "finger"; 16 fingers equaled one "foot"

and 24 fingers equaled one Egyptian cubit.  This suggests that the Greeks may have originally
obtained their length standard from the Egyptians.  The Roman system was adapted from the
human-based Greek system.  The Roman pace (both feet) was 5 feet from which our mile (mille or
thousand) comes, hence the Roman mile was 1000 paces (5000 feet we use 5280 feet).  

The British system of measures was based on the King's dimensions.  An inch was the length
of the King's thumb from knuckle to tip, a foot was the length of his foot and a yard was the length
from his nose to the finger tips of his outstretched arm (Figure 1.2-1).  These units of length were
standardized to not depend on the body of which king happened to be on the throne at that time, and
provided the fundamental units for the British system.  When the U. S. was colonized, British units
were introduced into America and are still very much in use - coexisting with the metric system that
is used primarily for science.  Only two nations don’t use the metric system. 
 

The Metric System
Measurements based on human dimensions resulted in chaos when different nations tried to

exchange products and information.  Reform came in 1791 when the French National Assembly
appointed a commission of outstanding men to reform the French system of weights and measures.
The system they produced is so simple, and so natural that it has been near universally accepted

The chief concern of the commission was the units for length and mass since the unit for time
is based on the rotational frequency of the earth.  Indeed, the
earth was also chosen to provide the basis for the unit of
length by making the "meter" (meter means measure), a
decimal fraction of the earth's meridian - the distance from
the north pole to the equator.  Eight years were spent in
determining the distance from Dunkirk to Barcelona from
which the meridian distance was extrapolated.  On
December 10, 1799, the French Assembly adopted the meter
as one ten-millionth of the Earth's meridian (Figure 1.2-2).
It might be expected that such a clear and simple system
would find universal use.  But, even though the metric
system was made compulsory in France, merchants
continued measuring by the "ell" until a more stringent law
was passed in 1837 that required compulsory use of the
metric system.  In 1864, Great Britain authorized the use of
the metric system followed by the U.S. in 1866 and Germany
in 1868.

While basing the unit of length on earth’s dimensions, has a natural appeal, it is not very
practical because it cannot be carried about to transfer its length to secondary standards.  In 1875,
20 nations met at the invitation of France to establish the International Bureau of Weights and
Measures and appoint a committee to produce a new standard meter.  They selected a length,
approximately the same as the original meter, to be represented by a bar of platinum-iridium - a
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b When cadmium or other materials have electrons removed (ionized), light is emitted at
characteristic, discrete wavelengths.
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Fig.  1.2-4 The Meter Defined by the
 Velocity of Light and Time

Fig. 1.2-3 Light Wavelength 
and the Meter 

Fig. 1.2-5 Time is based on the Solar system
A Day is the Time for the Earth to Rotate Once on Its Axis

A Month is the Time for the Moon to Circle the Earth
A Year is the Time for the Earth to Circle the Sun

material whose dimensions change very little with temperature.  However, for length constancy, the
meter was defined by the length of the bar at the constant temperature of an ice - water mixture.  The
distance that represented one-ten-millionth of the Earth's meridian defined as the meter was ruled
near the ends of the bar.

The U. S.  received one of these meter bars for the National Bureau of Standards in
Washington D.C.  Other bars were located at designated repositories about the world and used until
this standard was replaced by optical standards.  

The Meter Defined by Light Wavelengths 
The standard meter bars were copied to make secondary standards for use throughout a

country.  These secondary standards was limited in accuracy by their ruling accuracy and their
stability.  In 1892, A.A. Michelson (the first American physicist to win the Nobel prize) determined
the standard meter to be 1,553,164. wavelengths of the red
line of cadmium (Figure 1.2-3)b.  The International Solar
Society accepted this equivalence to the meter in 1907.
However, this standard also was not perfectly accurate due to
line-broadening from cadmium's atoms having different
atomic weights (isotopes).  In 1957, orange light from
mono-isotopic krypton, mass number 86 (86 times the mass
of a hydrogen atom), was proposed for greater accuracy.

The Meter Determined by the Travel Time of Light
In October 1984, the General Conference of Weights

and Measures defined a meter as the length traveled by light
in vacuum in 1/299,782,458 seconds (Figure  1.2-4), hence this unit is ultimately determined in terms
of one of the other fundamental unit - time.

1.1.2 Time

Celestially-Based Time
From time immemorial,

celestial movements provided the
bases for time.  The earth makes one
revolution in a day, the moon's exe-
cutes its orbit about the earth in a
month (~27.3 days), and the earth
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c The term "period", applied to repeating phenomena, means the time required for
something to return to its starting place so you can’t tell one cycle from another.  Periodicity
occurs in many things and provides a great simplification of repeating phenomena, because when
one cycle is understood, all others are just repetitions of the same thing.  An example of
periodicity is the bicycle wheel.  Using the stem as a position identifier, once the wheel rotates a
revolution, the valve stem is back where it started, and it looks as if it had not rotated at all.  If
there were no valve stem, the wheel would only have to rotate four spokes to be a period
(depending on the stringing of the spokes).  Motion from one cycle to the next is undetectable.
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Fig. 1.2-6 Clepstra or 
Water Clock

Fig. 1.2-7
 Sandglass

Fig. 1.2-8 Sundial

orbits the sun in a yearc (Figure 1.2-5).

Origin of Measures of Time
In spite of the near- universal adoption of the metric system

for everything, time remains measured in the same way that the
ancient Babylonians measured time - the sexagesimal number
system.  They believed that the earth rotated 360 times per year and
the moon executed 12 orbits about the earth in a year which when
multiplied  by the 5 planets known at this time, gave 5*12 = 60
which is 1/6th of 360 with numerological significance.  Since these
measures were concerned with rotation, it was natural to divide the
circle into 360 degrees. 

A clock is a device that divides the celestial motion into more convenient,
man-size small time intervals.  A early clock, called a “Clepstra” was actuated by
uniform water motion (Figure 1.2-6).  Another device, the sandglass, working on the
principles of the Clepstra, used fine sand in two sealed, connected glass
compartments which today is used for timing boiled eggs (Figure 1.2-7).  The
sundial (Figure 1.2-8), valued today for its artistry, indicated time by the position of
a pointer's shadow on the dial face - provided that the Sun is shining.

Quantifying a Location on the Earth
Accurate time measurement was not needed for calls to prayer or appoint-

ments.  When man began to explore the world and navigate out of the sight
of land, very accurate time was needed to determine latitude to avoid
running aground.

Navigational coordinates are like spherical coordinates (see Section
1.4.4).  Latitude is the angle between the equator and a location on a line
parallel to the equator; longitude is the angle between a line running from
pole-to-pole that intersects Greenwich, England and a similar line through a location of interest.
Latitude is naturally defined from the earth’s axis of rotation.  There is no natural reference for
longitude; it was historically set at Greenwich.
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Fig. 1.2-9 Latitude
 from the North Star

Fig. 1.2-10 Latitude from Local
 Clocks and the Sun as a Clock

Fig. 1.2-11 Time Difference from
 Greenwich to Memphis

Latitude was Measured By the Ancient Greeks
Measuring latitude is not difficult.  It was measured by the ancient

Greek mariners using a plumb bob to define a line to the center of the earth
and the angle between the plumb line and the North Star (to which the
earth’s axis points) minus 90o (Figure 1.2-9).  This convention locates the
North Pole at 90�  north latitude and the South Pole at 90�  south latitude.
Latitude can also be measured by the angle between the direction of the sun
and a plumb using tabulated data, and the date to locate the sun’s position.
Planets and stars can also be used to determine longitude using correction
tables.

Longitude is your position on the circle of latitude.  The reference for
zero longitude at Greenwich resulted from the 16th century contest between
England, Holland, France, Spain and Portugal for world naval mastery.
Under Henry VIII, England achieved dominance and set zero longitude to be a line from pole to pole
that passed through Greenwich, England, a suburb of London, downstream on the Thames.  Latitude
is measured west and east of this line, reaching 180�  on a line passing through western Siberia.
After establishing the reference, a much more formidable
task remained to accurately measure the longitudinal angle
with respect to this reference.

Time as the Method for Determining Latitude
Some unknown genius figured out that time is the

only way to determine longitude (Figure 1.2-10).  If two
clocks were set to indicate 12:00 AM at Greenwich with the
sun directly overhead, called the meridian ("AM" and "PM"
stand for ante-meridian and post-meridian).  If one clock
were transported to Memphis TN, this clock would indicate
6:00 PM (1800) when the sun was at the meridian, because
this clock was calibrated at Greenwich.  The reason the
Memphis clock indicates 1800 hours when the Sun is at the
meridian is that Memphis is 90�  west latitude from Green-
wich i.e. 90�  about the earth from Greenwich (Figure 1.2-
11).  Since the earth requires 24 hours to make one rotation
on its axis, 1 hr = 360� /24 = 15� , and 90� /15o/hr = 6 hr.
Thus a sufficiently accurate, portable clock, in conjunction
with the sun-clock, would solve the longitude problem.

Clock Accuracy Needed to Measure Longitude
To find the accuracy required for longitudinal measurement, suppose a ship left Greenwich,

sailing west at an average speed of 3 miles per hour.  After 28 days, the ship would be 2016 miles
from England.  But suppose the ship's clock lost one hour during the time after leaving Greenwich
28 days ago.  The parallel at Greenwich's 51.4�  north latitude reduces the earth’s equatorial
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d   Later investigations showed that the period neither depends on the amplitude of the
swing (as long as it is small) nor on the amount of weight hanging from the pendulum, but only
on the length of the pendulum and acceleration of gravity.  
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circumference of 24,903 miles to 19,462 miles.  The error is 1/(28*24) = 0.0015; the distance error
is 0.0015*19462 = 29.1 miles farther west than was thought - perhaps wrecked on the New Jersey
shore.  Clearly, to use time for navigation -and there is no other way - it is necessary to measure time,
very accurately, over very long time periods.  

The Search for Accurate Time at Sea 
The problem was to devise a portable clock with high accuracy.  One approach, used the

moon as a clock in the sky, but required that navigators be trained mathematicians and perform
complex calculations based on precise moon sightings while standing on a rolling deck.  Because
of the moon's slowness in orbiting the earth, an error of five minutes in the moon’s position meant
a 2.5�  error in longitude corresponding to an error of 172 miles (at the equator). 
  

Galileo Proposes the Moons of Jupiter as a Celestial Clock 
A method proposed by Galileo, for which he was awarded the Dutch Estates-General prize

was: "A Method for Determining Longitude by Semi-Literate Navigators."  Galileo’s method used
the moons of Jupiter, viewed by the telescope that he invented, as a big clock in the sky.  This
method is elegant, but observing these moons with a telescope on a rolling deck was impractical. 

Galileo Discovers the Pendulum as a Time Reference
The birth of Galileo Galilei (1564-1642) marks the beginning of the advancement of physical

science from the stagnation that had existed from Roman times through the Middle Ages, and the
beginning of the experimental method.  When Galileo was nineteen, attending prayers at the
baptistery of the Cathedral of Pisa, in boredom, he timed the swings of an altar lamp using his pulse,
but noticed that the period was the same, regardless of the amplitude of swingd.

The Pendulum Is the Key Time Reference
The improved accuracy using a pendulum, created a need to divide time into smaller units.

The hour was divided into 60 parts called minutes (first order of minuteness).  Minutes, in turn, were
subdivided into 60 parts called seconds (second order of minuteness).  

Within three decades after the death of Galileo, the average error of the best clocks had been
reduced from the previous error of 15 minutes per day to 10 seconds per day.  This was a major
advance but a clock, using a pendulum as the time reference, and weights for motive power, was
neither accurate enough nor practical enough for navigation on a rolling ship.  

A Marine Disaster Stimulates the Quest for Accurate Time 
The event that stimulated the search for an accurate, portable, clock occurred in 1707 when

an English fleet foundered on the rocks of the Scilly Islands about 40 miles off of the southern coast
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e Reneging on the part of governments is not unusual.  The U.S. Congress spent the
Smithsonian grant before any construction began.
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1.2-12 Harrison’s #14 Prize-
Winning Chronometer

(courtesy of Greenwich Observatory

of England.  Down went the crew and officers.  Two eminent mathematicians, at a news conference,
declared the obvious, that the wreck would have been avoided if they had known where they were.
Parliament, in 1714 passed an act "Providing a Publick Reward for a Person or Persons as shall
discover the Longitude at Sea."  The prize was a fortune of 2,000£ to support experiments with a
final award of 20,000£.  Winning the prize was considered impossible and as late as 1736, The
painter, Hogarth in “The Rake's Progress,” depicts a madhouse in which the inmates are trying to
discover the puzzle of longitude.  The requirement for success was a trip to the West Indies with a
round-trip error of less than 2 minutes of time.

Key Inventions by Clement, Hooke and Huygens
To achieve this accuracy, a number of evolutions in

clock technology were needed.  Some major steps were:
William Clement's invention of the anchor escapement.
Robert Hooke's discovery of the properties of the spring to
provide the motive power for a portable clock, and
Christiaan Huygens’ invention of the balance wheel to
provide a time reference insensitive to the ship's rolling.

Harrison Wins the Prize
John Harrison, a self-taught Yorkshire carpenter, but

a skilled and patient craftsman, won the prize with a clock
that compensated for the change in spring tension as the
spring unwound and compensated for temperature changes
that affect the balance wheel.  In 1761, his model #14
(Figure 1.2-12) won the prize on a 9 week voyage by only
losing 5 seconds (stability of 5/5,433,200 = 9.0E-7).
Although he won, he had trouble collecting even part of the
prizee.  

The Pendulum Clock is Supplanted by Electronic Clocks
The mechanical clock reigned supreme until the 1930s, at which time a good pendulum clock

was accurate to 0.001 seconds per day (1 part in one hundred million).  Around this time, electronic
clocks came into use.  These clocks are based on the piezoelectric effect in quartz.  The piezoelectric
effect causes a crystal to which voltage is applied to change shape.  If a periodic voltage is applied
to the crystal near the mechanical resonant frequency of the crystal, the crystal will “lock-in” such
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f Such quartz crystal-regulated watches are now the most common wrist watch available
and are priced less than $10.
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that the electrical frequency equals the mechanical resonant frequency.f  Because the quartz resonator
is very small, its resonant frequency is very high (in the order of million Hertz (cycles per second),
necessitating electronic division to obtain frequencies low enough for conventional units.  The best
quartz-regulated clocks achieve accuracies of about one part in one-hundred billion (1.0E-11).

Atomic and Molecular Clocks
With the modern development of quantum mechanics, it became possible to use the ultimate

pieces of nature - the spectral lines from molecular beams as time references.  The first of  these
quantum clocks was constructed in 1947 at the U.S. Bureau of Standards using ammonia vapor.
Ammonia absorbs energy at a microwave frequency that is low enough that a electronic counter can
count the cycles.  Similar clocks, using cesium, achieve accuracies of two parts in a trillion
(1.0E-12).  Even more accurate, hydrogen clocks, achieve accuracies of one part in ten-trillion
(1.0E-13).  With such high accuracy new problems were presented in relating atomic time to
astronomical time.  In 1967 the General Conference on Weights and Measures defined a "second"
in the International System of Units (SI - Systeme Internationale) to be 9,192,631,770 periods of
radiation of a particular transition in elemental cesium, atomic weight 133.  In 1970, the atomic
second was shorter than the mean solar second by 3 parts in one hundred-million.  This required that
the length of the mean solar day, which had been 86,400.0000 mean solar seconds, be corrected to
86,400.0026 atomic seconds. 

1.2.3 Mass
Weight and Mass

From earliest times, it has been known that a force is required to accelerate a mass or to lift
a weight.  Mass and weight are often confused and used interchangeably, but they are very different.
The dictionary defines "mass" as a measure of the quantity of matter in a body, but this definition
is circular because “matter” has a vague but similar meaning to “mass”.  Mass is a property of an
object that requires a force to accelerate it.  Weight is the force that acts on a mass in a gravitational
field.  Comparing mass and weight, mass is the more fundamental property because mass does not
change in different gravitational fields.  (An astronaut has different weight on the moon and on the
earth, but the same mass.)  Weight equals mass multiplied by the acceleration of gravity (g = 980.66
m/s2 = 32.174 f/s2) see Chapter 3).  

Ancient Measures of Weight
The Egyptians used  “kite” as a weight standard which varied from 4.5 to 30 grams at various

times.  Even earlier, the Babylonians used a the “mina” weighing between 640 and 978 grams.  The
mina was related to the Babylonian standard volume, defined as a cubic hand width.  The weight of
this volume filled with water was a mina.  Other ancient middle-eastern people borrowed from the
Babylonians e.g. the Hebrew shekel was 1/60th of a mina.  The Greeks' weight standard, the “talent,”
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seems to have come from Phoenician
or Babylonian sources.

The Romans Used Pounds
The Romans' standard weight was the pound.  (Called a libra from which comes our "lb."

abbreviation for the pound.)  Britons got the pound measure of weight from the Romans although
they weigh humans in units of "stones" (14 pounds = one stone).  

The Metric System was Based on the Mass of Water
From out of this chaos, came the simple metric system.  The unit of mass used the nature-

based meter to define a volume which, when filled with water, defines the unit of mass.  A cubic
centimeter volume, filled with water, originally defined the ”gram.”  In the 20th century, the metric
system was reformed and renamed the Systeme International (SI) using the units: meters, kilograms
and seconds (MKS) as the primary standards.  In the SI system, the kilogram standards is a cylinder
of platinum-iridium kept at the International Bureau of Weights and Measures at Sevres, France
(near Paris) with duplicate, secondary standards in other countries.

1.2.4 Summary Definition of the SI Base Units

Current definitions of the SI base units are (http://physics.nist.gov/cuu/Units/current.html)
are given in Table 1.2.1.

Table 1.2.1 Current Definitions of the SI Base units 

Unit Measure Definition

Length Meter Distance traveled by light in vacuum during the time interval 1/299,792,456 second

Mass Kilogram Mass of the international prototype of the kilogram

Time Second Duration of 9,192,631,770 periods of the radiation from the transition between two hyperfine
levels of the ground state of the cesium 133 atom

Electrical
current

Ampere The current in two straight parallel conductors of infinite length and zero circular cross
section separated by one meter in vacuum produces a force of 2E-7 N/m.

Amount
of
substance

Mole Amount of substance containing as many elementary entities as there are atoms in 0.012 kg of
carbon 12; the symbol is the "mol."

Luminous
intensity

Candela Luminous intensity in a given direction of a source that emits light of frequency 540E12 Hz
with a radiant intensity of 1/683 W/steradian.

1.3 Dimensional Analysis

"How many feet are in a pound?  How many hours are in a mile?"  Such questions have no
reasonable answer because they are unrelated.  The first question attempts to compare length with
weight and the second question tries to compare time with length; only things with the same units can
be equated.
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g  The program UCONCON is provided for units conversion, constants and relativity
(Chapter 10) calculations.

h"*" means multiplication and below the line means division, but occasionally “/” is used
for division like it is used in computer programming.
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Table 1.3-1 Dimensional Exponents for Mechanical SI Units
Quantity Length Mass Time SI Units
mass (m) 0 1 0 kilogram (kg)
length (s) 1 0 0 meter (m)
time (t) 0 0 1 second (s)
force (f) 1 1 -2 newton (N)
acceleration (a) 1 0 -2 m/s2

angle(� ) 0 0 0 no units
area(A) 2 0 0 m2

density, mass (� ) -3 1 0 kg/m3

density, weight (� ) -2 1 -2 N/m3

energy (E), 2 1 -2 kg*m2/s2 joule (J)
frequency (� ) 0 0 -1 hertz (Hz - /s)
modulus of elasticity -1 1 -2 m/s2

moment 2 1 -2 m2 *kg/s2

moment of inertia (I) 2 1 0 m2 *kg
momentum (p) 1 1 -1 m *kg/s
Planck’s constant (h) 2 1 -1 kg*m2/s1

power (P) 2 1 -3 m2 *kg/s3 watt (W)
pressure (P) -1 1 -2 N/m2

strain 0 0 0 no units
stress -1 1 -2 N/m2

surface tension 0 1 -2 N*m
velocity (v) 1 0 -1 m/s
viscosity, absolute (� ) -1 1 -1 N/m
volume 3 0 0 m3

work 2 1 -2 J

Dimensional Analysis for Changing Units
 and Error Checking

The most frequent use of dimensional
analysis is for changing units and avoiding errors
by dimensionally balancing an equation.  Units
are included in an equation the same way as
numbers and provide both a numerical answer
and dimensional answer.  Dimensional analysis
is less well .known for its ability to deduce the
parametric relationships for new  phenomena by
balancing units e.g., the equation for the period
of a simple pendulum may be deduced to
within a constant just by dimensional balance.
But first we will see how to change units. 

Example of Changing Units
You left for your European trip weigh-

ing 135 lbs; in London (Figure 1.3-1) you
weighed 10 stones; in France (Figure 1.3-2)
you weighed 60 kg.  These units must be
related to determine if you are gaining or
losing weight.  A table of conversion factorsg

is provided, but suppose you know a few
weight equivalences.  Equation 1.3-1
illustrates the processh.  It begins by writing
the weight in Paris = 60 kg.  Equal things in
both the numerator and denominator have no
effect, so write equivalences to kilograms,
grams, and pounds.  Here, 1000 gm = 1 kg
cancels kilograms (line a) to give grams; using
28.34 gm = 1oz, cancels grams (line b) to give
ounces; 16 oz = 1 lb cancels ounces (line c)to
give pounds as desired.

If an error had been made such as

Fig. 1.3-2 Parisians
 Weigh in Kilograms

Fig. 1.3-1 Londoners
 Weigh in Pounds
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Table 1.3-2 Dimensional Exponents for Some Thermal Quantities
Quantity Length Mass Time Temp SI Units
temperature 0 0 0 1 Celsius or

kelvin deg
heat 2 1 -2 0 joules, J
enthalpy 2 1 -2 0 J
entropy 2 1 -2 1 J*deg
gas constant, R 2 1 -2 -1 J/deg
heat transfer coef. 1 1 -3 -1 J/deg*m*s
specific heat, mass 2 0 -2 -1 J/kg*deg
specific heat, volume -1 1 -2 -1 J/m3*deg
specific heat, weight 1 0 0 -1 J/kg*deg
temperature gradient -1 0 0 1 deg/m
thermal conductivity 1 1 -3 -1 J/m*deg*s
thermal expansion
coef.

0 0 0 -1 /degree

Table 1.3-3 Dimensional Exponents for Some Electrical Quantities
Quantity and Symbol Length Mass Time Charge SI Units
charge (Q, e) 0 0 0 1 Coulomb (C)
current (i) 0 0 -1 1 Ampere (A)
capacitance (C) -2 -1 2 2 Farad (F)
current density (�) -2 0 -1 1 I/m2(� , � )
electric displacement (D) -2 0 0 1 C/m2

electric field intensity (� ) 1 1 -2 -1 V/m
inductance (L) -2 1 0 -2 Henry (hy)
magnetic field intensity (H) -1 0 -1 -1 Amp-turns/m
magnetic flux density (B) 0 1 -1 -1 Weber/m2 (Tesla - T)
magnetic flux (� ) 2 1 -1 -1 Weber
magnetic vector potential (A) 1 1 -1 -1 T*m
permeability (� ) 1 1 0 -2 H/m2

1.3-2

Table 1.3-4 Numerical Values For SI Prefixes
Prefix Symbol Multiplier Prefix Symbol Multiplier
deca da 10 deci d 0.1
hecto h 100 centi c 0.01
kilo k 1000 milli m 0.001
mega M 1E6

(1*106)
micro � 1E-6

(1*10-6)
giga G 1E9 nano n 1E-9
tera T 1E12 pico p 1E-12
peta P 1.E15 femto f 1E-15

multiplying by 28.34 gm/oz instead of
dividing, the units would be kg²*lb and the
error would be obvious.  Usually problems
are more difficult. To know that an
equation is correct, dimensional analysis is
performed using the fundamental units:
length (L), mass (M) and time (T).  Table
1.3-1 gives the powers and combinations
of LMT for the SI mechanical units.  For
example, force is a combination of all three
fundamental units with T being squared,
L*M*/T².  

The LMT units
must be supplemented for
thermal quantities by the
addition of another
fundamental unit -
temperature (Table 1.3-2).
Similarly, Table 1.3-3
shows the need for another
fundamental unit  -
electrical charge.  Rather
than discussing these
tables now, they will used
in subsequent chapters.

Correcting Errors
As mentioned, physical quantities may be expressed in

terms of the primary units: length, mass, and
time.  Dimensional analysis is used for error
correction by choosing units that lead to the
needed result.  For example, suppose that you
were told the momentum and mass of
something and are required to find the kinetic
energy.  You remember that it has a 2 in the
denominator, but you are uncertain about
whether mass is in the numerator or denom-
inator, and you are uncertain about the momentum and whether or not it is squared.  You remember
that kinetic energy has the units of mass times velocity squared - M*L 2/T2, and momentum has the
units of mass times the velocity - M*(L/T).  We can get the velocity squared by squaring the
momentum, but this results in mass squared so divide by mass and get equation 1.3-2 for the kinetic
energy, in which p stands for the momentum and m for the mass.  Now that the proper relationship
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1.3-3
1.3-4

Table 1.3-5 Useful Conversion Factors within the 
British System

in this unit divide by this to get this unit
to get this unit multiply by this in this unit
inch 12 foot
inch 36 yard
foot 5280 mile
foot 16.5 Rod
acre 640 section (sq.

mile)
cu. inches 1728 cu. foot
cu. inches 231.00 gallon
cu. inches 57.749 quart
pint 2 quart
pint 8 gallon
pint 59.841 cu. Foot
gallon 6.229 cu. Foot
ounce 16 pound
pound 100 hundred-weight
pound 2000 short ton

pound 2200 long ton (metric
ton - 1000 kg)

pound 32.174 slug
60 miles/hour 1 88 feet/s

horsepower 1/33400 foot-
pounds/minute

horsepower 1/746 watts (SI unit)
foot-pounds 1.356 joule (SI unit)
pound 0.22481 newton (SI unit)

Fig. 1.3-4 Former
Symbol of the AIP

has been found, it is only necessary to express the quantities in units.  The
choice of which depends on the purpose.  The best system of units for
calculations is the SI system.

The Metric System became SI Units
The "metric" system grew out of the French Revolution and is used

in nearly every country of the world with the major exception of the United
States where two systems of units are in common use: the British System for
most commerce and the SI system for science, electronics and photography.
The U.S. is slowly moving to the SI system, like the rest of the world, but the
investment in documents, machinery and
perception is very great, so the transition is slow.

The dual systems in the U.S. requires
proficiency in relating units.  They are simply
connected through LMT, the importance of which is
represented by the former logo of the American
Institute of Physics (Figure 1.3-4) showing  the weight
to represent mass, the ruler to represent length,  the
pendulum to represent time which is the same in both
systems.

The length (L) connection is given by equation
1.3-3; equation 1.3-4 gives the weight connection, but
it is usually approximated as: 2.2 lbs/kg.

With connections between two systems, the
desired units are found by converting within a system.
Within the SI system, conversion only requires shifting
decimal points as shown in Table 1.3-4, but within the
British System, things are not so easy because units do
not change by powers of ten.  Table 1.3-5 presents
some commonly used conversion factors.  To use this
table, if the unit on the left is to be converted to the
unit on the right - divide; if the unit on the right is to
be converted to the one on the left - multiply.  

As an example of using the table, my relatives
once had a homestead of ¼ section in New Mexico.
To find the number of acres, Table 1.3-5 lists "section"
on the right and says to multiply by 640 to get acres: 0.25*640 = 160 acres.  As another example, a
"pint" is nearly equal to the related word "pound." The actual weight of a pound may found from 8
pints equaling a gallon.  A gallon of water weighs 8.337 lb, hence a pint of water weighs 1.042 lb. 
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1.3-5
1.3-6
1.3-7

Fig. 1.3-4 Simple
 Pendulum

Table 1.3-6
 Dimensional

 Analysis 
of the Pendulum

Parameter Units
m M
s L
� none
	 T
g L/T2

1.3-8
1.3-9
1.3-10a-c
1.3-11a-c
1.3-12
1.3-13
1.3-14

Dimensional Analysis
Any mathematical relationship between variables may be written as equation 1.3-5, where the

x's are dimensioned or undimensioned variables.  The
Buckingham 
  theorem says these variables can be
arranged in several dimensionless groups called the 

groups (equation 1.3-6), where each  group  is formed by
combining all of the variables through multiplication and
division with the dimensions of each variable being in the
primary units (LMT).  Equation 1.3-5 is solved in equation
1.3-6 for one of the 
  groups by the function f(� 2.  .  � n)
which has only dimensionless arguments (equation 1.3-7), therefore
contributes only dimension less terms, hence xa*yb...*zm must be dimension
less.  

Example of Dimensional Analysis - the Simple Pendulum
A simple pendulum consists of a mass (m) at the free end of a

pendulum arm of length (s) attached to a fixed point, swinging through some
angle (�  - Figure 1.3-4).  The mass is acted on by inertia and the acceleration
of gravity (g).  The pendulum swings with a period (� ).  Atmospheric effects
are ignored, thus these are all of the parameters for a first-order analysis.
The parameters and their dimensions are given in Table 1.3-6.

There are 5 parameters and the number of primary units is 3 so
there are 2 sets of independent dimensionless products.  Let a be the
power of m, b the power of s, c the power of � , and d the power of g.
Multiply these four parameters and require that the result be dimen-
sionless (equation 1.3-8).  Substituting the fundamental units (equation
1.3-9), collecting the units and requiring that the exponents vanish gives
the results shown in equations 1.3-10a-c.  There are three equations in
four unknowns, meaning that one unknown, d, may be selected arbitrarily
to result in equations 1.3-11a-c.

The 
  theorem states that the solution is a functional relationship
between the two independent products as shown in equation 1.3-12.  Solving for the quantity in the
brackets gives the result shown in equation 1.3-13 from which we can solve for 	  in equation 1.3-14.

This says that the period of a
simple pendulum is constant and
proportional to the square root of the
ratio of the length to the acceleration
of gravity.  Later, the proportionality
constant is found to be: 2*� .  The
period is not a function of the mass
on the end of the pendulum - this is
the reason why the pendulum clock was the precise method of time measurement for centuries.  It is
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Fig. 1.4-1 Lower Manhattan
Scale: 1 inch = 1 mile

important to recognize that the formula for the period of a simple pendulum has been derived, except
for a constant multiplier, without any knowledge of the physics of motion.

1.4 Coordinate Systems

Maps are scaled-down geographic pictures.
Coordinate systems applied to maps give numerical direction
and distance information for guidance.  From the distance
information you can estimate how long it will take to get
where you are going.  Later, mapping was applied to
geometry thereby linking algebra and geometry.  

1.4.1 Maps

A map consists of: the reduced shape of the geography
on a coordinate grid and the scale relating the actual size to
the grid spacing.  A point in the map is located by two grid
coordinates: one coordinate giving the east-west direction and
other, the north-south direction.  These two coordinates are
an "ordered  pair," so-called because the order of the numbers
indicates which number is associated with which coordinate.
By convention, the first number, x is for the horizontal grid
and the second is for the y,  vertical grid.  They are separated by a comma and enclosed in parenthesis:
(x, y).  The most significant digit of a coordinate is the number for the grid immediately before or below
the point.  The decimal fraction is the fraction of the grid spacing to the grid line.  For example in Figure
1.4-1, the coordinates of the former World Trade Center are (0.4, 0.8) and the coordinates of the United
Nations are (3.55, 3.4).  The straight line distance (hypotenuse) is calculated using the Pythagorean
theorem (Section 1.5-2): the x leg of the triangle is 3.55 - 0.4 = 3.15 and the y leg is 3.4 - 0.8 = 2.6,
hence � ([3.15]²+ [2.6]²) = 4.08 mii.

Early Maps of the Earth
As early as the 5th century B.C., Greeks considered the Earth to be spherical because the sphere

is the most perfect shape - hence the earth must surely have that form.  Aristotle (384 -322 B.C.) said
the earth was a sphere because dust particles falling from all directions would form a sphere.  Furthermore,
the shadow of the earth on the moon showed it to be a sphere.  A major step in geography was made
by Hipparchus of Nicaea (165-127 B.C.) who drew north-south and east-west lines on a map.  By numbering
these lines, coordinates were provided for locating any place on Earth.  While Hipparchus first sectioned
the earth in terms of, our presently used 360�  degrees, such information had little practical use until



Chapter 1 Getting Started

j Today, he is remembered for the computer speed-testing code called: "The Sieve of
Eratosthenes" that finds prime numbers.  

16

Fig. 1-4-2 Geometry for Calculation
of the Earth’s Diameter

Fig. 1-4-3 Contour Map

the length of a degree in terms of earth distances was known.  

Greek Measurements of the Earth's Diameter 
Eratosthenes (276-195 B.C.), the second librarian of

the great library at Alexandria, made the first measurements
of the earth's diameterj.  Eratosthenes heard that near the present
city of Aswan on June 21 at 12:00 PM, the sun shown directly
on the bottom of a well, hence directly at the center of the earth.
Simultaneously, he measured the angle of the sun to be 7�  14'
in Alexandria (Figure 1.4-2) which is 2% of a circle.  The distance
from Alexandria to Aswan was reported by camel caravans
to be 5,000 stadia (a stadia is the distance around a stadium
or 607 feet).  Converting to feet: 5000 stadia*607ft/ stadia =
3.035E6 ft.  Since this distance is 2% of the full angle of a circle
(360O), then the distance around the earth  must be 3.0356E6/0.02
= 1.52E8 ft*1 mi / 5280 ft = 28,740 mi.  This result, calculated
around 250 B.C., is only about 15% larger than the correct value (24,800 mi).

Ptolemy (~100-168 A.D.), the father of modern geography, estimated each degree to be 50 miles,
from which the circumference of the earth was 18000 miles.  Columbus relying, on Ptolemy's geography,
greatly underestimated the distance from Spain to China.  If Columbus had known of Eratosthenes'
measurement of the earth's circumference, he probably would not have sailed west because he could
not carry sufficient  provisions.

Representing a Spherical World on a Flat Map
The earth is a sphere, but a map of it needs to be flattened for storing, drawing upon, and calculating

routes, but a flat map distorts a spherical earth.  An approximation for flattening a sphere is the Mercator
projection.  (Gerhardus Mercator, 1512-1594, was a Flemish mathematician and geographer who narrowly
escaped death because of his Protestant beliefs but found safety in making maps for kings).  A mercator
projection results if a light at the center of a transparent globe projects
onto a cylinder, and the object outlines recorded.  The cylindrical is split
and flattened to give the familiar flat map that distorts the northern and
southern regions.

Three-Dimensional Maps 
Flat maps give the shape of the geographic features, but lacking

three dimensions do not show elevation.  Elevation may be shown by
embossing (bulging) the map but then it is not flat.  A practical way to



Coordinate Systems

k Locus means the path suggested by closely spaced points.

17

Fig. 1.4-4 A Cartesian Grid

1.4-1

Fig. 1.4-5 Locus of Points Plotted 
by the Computer Program

show elevation is to draw contours (lines of constant elevation) on the map.  Farmers often plow on
the contour to create a constant elevation ditch to hold water so it will soak into the ground.  Contour
lines are lines of constant gravitational potential (Figure 1.4-3) which will be further explained in Chapter
3.  No energy is expended in moving along a line of constant gravitational potential, but energy is expended
when moving to a line of higher potential or given up when going to a line of lower potential.  Furthermore
the energy change does not depend on the path but only on the end point’s change in elevation.  It takes
as much energy to go straight up a mountain as it does to spiral around on the way to the top.  

1.4.2 Cartesian Coordinates 

Locus of Points: Descartes' Geometry
Rene Descartes (1596-1650) contributed the major idea that

equations can be drawn by plotting the locusk of coordinates on a graph.
A Cartesian graph uses right-angle axes divided into equal spaces (Figure
1.4-4).  Such had been discovered earlier by Pierre Fermat (1601-1665)
and before him by Francois Viete.  The reason that Descartes is credited
for the discovery is that it was used in his book: "Analytic Geometry".

Analytic Geometry: The Linear Equation
Descartes noted that a function of two variables can be plotted if a grid

is numbered positive right of the vertical axis (y axis) that intersects the origin, and negative to the
left of this line.  Positive above the horizontal axis (x axis) and negative below this axis.  Maps show
geographic features on a superimposed grid, similarly a Cartesian graph shows a function on a rectangular
grid.  To illustrate plotting a function, consider equation 1.4-1.

Because both variables are raised to the first power, this is the equation of a straight line as
seen by plotting the locus of points.  To plot this equation, it
does not matter whether y or x is considered to be the independent
or dependent variable.  Arbitrarily select x to be independent,
assign x = 1, then solve equation 1.4-1 to get y = 1.  Thus the
first point has the ordered coordinates: (1,1).  Next assign x
= 0, to get y = 0, giving the next point, (0,0).  Another choice
might be x = -2 giving y = -2.  If this process is continued to
generate a large number of points that are plotted on a Cartesian
graph, the points look like Figure 1.4-5.  If the point density
were greatly increased, the points run together showing a straight
line.  Plotting these points is conveniently done with Program
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1-1 which is explained in detail, as an introduction to  QBASICl.

Program 1-1 Plotting the Locus of Points for Equation 1.4-1
' locus of straight line points1
SCREEN 112
VIEW (0, 0)-(639, 479)3
' locus of straight line points4
SCREEN 115
 VIEW (0, 0)-(639, 479)6
WINDOW (-110, 110)-(110, -130)7
FOR i = -100 TO 100 STEP 508
LINE (i, 0)-(i, 5): 'Horiz ticks9
LINE (0, i)-(5, i):  'vert ticks10
z = INT(40 + (i * .36))11
LOCATE 15, z12
PRINT i13
zz = INT(15 + (i * .12))14
LOCATE zz, 3715
IF zz > 18 OR zz < 12 THEN PRINT (i * -1)16
NEXT i17
LINE (-100, 0)-(100, 0): 'horiz axis18
LINE (0, 100)-(0, -100): 'vert axis19
FOR x = -99 TO 100 STEP 520
y = x21
CIRCLE (x, y), 1, 122
PAINT (x, y) 1, 123
NEXT x24
END25

Line 1 is a remark statement identified by
the " ' " at the beginning of the line (REM does
the same thing).  Line 2 specifies the type of screen
that is selected for use on your computer.  SCREEN
11 specifies a two-color VGA screen with 640 pixels
(screen dots) in the x-direction and 480 pixels in
the y-direction..  Line 3 specifies the viewing area
to be used.  Screen coordinates go from  0,0 on
the upper left to 639,479 at the lower left. Notice
that y increases downward in the screen coordinates.
Line 4 defines a WINDOW that corrects for this
effect and defines convenient scale values.  Lines
5 thru 14 encompass a For-Next loop in the index
I that is incremented by the amount expressed by
“STEP” starting from the lower limit (-100) to the
upper limit (100).  Line 6 draws short lines (0 to
5) at positions specified by the I location (e.g.-100,
-50, ..100).  Line 7 doing the same thing puts ticks
on the vertical axis.  Text must be located according
to row, column coordinates .  Line 8 calculates
the integer value of the column position centered
at 40.  The multiplier (0.36) is chosen to position
the text without going off scale.  Line 9 locates
the text at vertical location 15 and the computed
zz position.  Line 10 prints the value of I.

Lines 11 thru 13 similarly label the vertical axis.  Lines 15 and 16 draw the horizontal and vertical
axes, respectively.  The locus of points, is drawn by the loop from lines 17 thru 20.  Line 18,, is equation
1.4-1 being plotted.  A value of x, incremented by 5, is assigned each time through the loop.  The value
of y is found from the equation, and a circle is plotted by line 19 and filled by line 20.  Line 21 ends
the loop.. The results of plotting with this program are shown in Figure 1.4-5.
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1.4-2
1.4-3
1.4-4

Fig.  1.4-6 Relating Geometric and Linear Numbers

1.4.3 Non-Linear Graphs

Not all coordinate axes graphs are linear (equal spacing of the coordinate units).  Variable spacing
can show a greater numerical range than a linear plot such as by compressing the region of small values
in order to show the large region.  

Logarithmic and Semi-logarithmic Plotting
Logarithms were invented to use addition and subtraction to reduce the labor of multiplying,

dividing and raising numbers to powers.  The use of logarithms has been supplanted by hand calculators
and the computers.  

Coordinate systems may be drawn in which the x or y or both axes are logarithms of the physical
dimensions of the page.  A semi-logarithmic graph (logarithmic graduation of one axis but linear on
the other) is useful for displaying variables that cover a large range of values in one direction and a
more limited range on the other axis.  Log-log graphs (logarithmic graduations on both axes) are used
for plotting points that range over large values on both axes.  Another reason for using non-linear graphing
is to display the underlying relationship between the two variables.  For example, an exponential function
is a straight line on semi-log graph paper; a function that is a variable raised to a power (any constant
exponent), is a straight line on log-log graph paper.  Deviations from a straight line are readily seen
as deviations from the assumed form of the function.

Review of Logarithms
Before discussing logarithmic plotting of data, the development of logarithms will be reviewed.

The word logarithm comes from the Greek words "logos" meaning proportion and "arithmos" meaning
number.  The concept of Briggs (1561-1630) and Napier (1550-1617) was that any real number may
be expressed by raising some other number (called the base) to an exponential power.  Numbers, represented
by the same base, but raised to different powers are multiplied by adding exponents.  Division is performed
by subtracting exponents.  For example, recall that raising a number to a power means multiplying
a number by itself the number of times specified by the exponent e.g., 23*24 = (2*2*2)*(2*2*2*2) =
8*16 = 24+3 = 27 = 128.  This clearly works
for multiplying numbers that can be expressed
as a base raised to an integer.  Briggs and
Napier showed that it works for any real
number, integer or not.  Figure 1.4-6 shows
two scales both numbered from 1 to 100.
The lower scale is ruled linearly, the upper
scale is ruled such that the integer powers of 10 appear
above their corresponding values on the linear scale
such that they form a geometric series (each number
is 10 times the preceding number.  This suggests that
any number can be represented by 10 to some real power, x (equation 1.4-2).  The value of x is found
by the inverse relationship defined as the logarithm (equation 1.4-3).  In practice, the log of a decimal
number is written as an integer, called the characteristic; a decimal point, and a decimal fraction is
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1.4-5

1.4-6
1.4-7a,b
1.4-8
1.4-9
1.4-10

called the mantissa (equation 1.4-4).
Positive real numbers are expressed by shifting their decimal to a standard form consisting

one integer, a decimal point, a decimal fraction, and the number of shifts of the decimal to get this
form.  This is easily seen in scientific representation of a number.  Figure 1.9-4 shows N = 85. = 8.5E1.
To get the standard form, the decimal is shifted so it appears to the left of the first significant digit
This is indicated by “1” to the right of E and it is the characteristic.  The mantissa is the logarithm of
the number to the left of E: log108.5.  Geometrically, in Figure 1.4-6, the logarithm of N is the next
lower integer power of 10 plus the fractional exponent corresponding to its position between the neighboring
integer powers of 10.  Hence for N = 85, the characteristic is 1 and the mantissa is .929 so: log10 85
= 1.929 .

Aid for Calculations
To multiply two numbers, add their logarithms (just as you add exponents to multiply); the

product is the inverse logarithm of this sum.  To divide two numbers, subtract their logarithms; the
quotient is the inverse logarithm of this difference.  You find the number that has this logarithm from
a logarithmic tables by locating a number in the table closest to the mantissa and its corresponding
number (antilog).  From the characteristic, adjust the decimal point according to 10 raised to the power
of the characteristic.  To find the inverse with a hand  calculator, input the logarithm number and select
the inverse logarithm.  

Before leaving the subject of logarithms, it should be noted
that there is a “natural base” of logarithms called "e" given by 1.4-5.
This is a universal constant that arises from calculus; it has many theoretical
uses such as: radioactive decay, statistics electromagnetic theory, chemistry,
biology,....  

Changing the Base of Logarithms
Changing the base of logarithms may be needed for entering numbers in equations or different

types of displays..  Consider bases be: b1 and b2.  The requirement is to find the power of each base that
gives the same number (equation 1.4-6).  The logarithm
of N to the two bases is given by equations 1.4-7a,b.
Also the log of equation 1.4-6 to the base b1 is given
by 1.4-8.  But, logb1b1 = 1, because it asks, "To what
power must a number be raised such that it equals
itself ?"  The answer is 1; using this and substituting
1.4-7a,b into 1.4-8 gives equation 1.4-9.

Tables of logarithms are usually to base 10.
To convert from base 10 to base e use the fact that
loge10 = 2.3026 in 1.4-9 to get equation 1.4-10.
(A log to the base e is often written as ln.)

Logarithmic or Semi-Logarithmic Plotting 
Logarithmic or semi-logarithmic graph paper is ruled such that the linear dimensions of the paper
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Fig. 1.4-7 Neutron Decay Experiment

along one or more axis is scaled according to the logarithm of the dimension.  This has the advantage
of expressing a larger range than linear graphing without compressing the small values.  An exponential
function plotted on semi-logarithmic paper is a straight line; deviation from the exponential character
is clearly shown as a deviation from the straight line.  To see that an exponential plots as a straight line
consider: y = ex. If the y-axis is logarithmic, y = ln(ex) =x*ln(e) = x.  Hence on semi-log paper, y = x
which is a straight line.  

Example of SemiLogarithmic Plotting 
Consider an experiment to

measure how fast a pulse of  neutrons
leak out of a cube of ice.  Theo-
retically, the decay should be
exponential with time.  A neutron
detector produces an electrical pulse
each time it detects a neutron; these
pulses are counted during time
intervals after the neutrons entered
the block by a time analyzer designed
such that the time channels form
a geometric progression having time
widths of 10, 20, 40, 80, 160 � s.
Figure 1.4-7 shows that the
uncorrected data (open boxes), do
not lie on a straight line when plotted
semi-logarithmically, as they should if the decay were exponential with time.  The graph also shows
the curve of the variation of channel width with time (solid squares).  Dividing the curve of raw data
by the curve of the channel width, removes the effect of the varying channel width from the data as
shown by the middle curve (open circles). This correction is easily done using a pair of dividers to transfer
the channel width, at various times, to the raw data points such that the divider subtracts the channel
width. 

Measuring the Decay Constant
The decay constant is the amount of time that must elapse for the neutrons to drop by 1/ e =

0.3678. It may be found by locating an intersection of the corrected curve with an integral power of
ten (e.g. 1, 0.1,...).  Then draw a line parallel to the y-axis from this point downward.  When the line
is 0.3678 of the beginning value, this is one leg of the triangle that is shown in Figure 1.4-7.  Next draw
a horizontal line from this point until it reaches the corrected curve.  The length of this line is the decay
constant, for this case it is 50 microseconds.

Multiplying or Dividing a Curve by a Constant
Dividing one curve by another curve requires transferring sufficient points that the curve is well

defined.  A simpler case, that often arises, involves multiplying or dividing a curve by a constant.  A
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1.4-11

convenient way to do this is to place a blank sheet of graph paper on top of the logarithmic or semilogarithmic
graph paper on a window so that the graph is seen through the upper sheet.  Displace the upper sheet
so that the beginning of a decade on the lower sheet coincides with the multiplication factor on the upper
sheet’s ruling.  Trace the curve from the bottom sheet onto the shifted upper sheet.  The result is the
lower sheet’s curve multiplied by the multiplication factor.

Log-Log Plotting
Certain functions, especially empirical functions (empirical means an experimentally observed

relationships for which there is no theory) obey a "power law" (equation 1.4-11),
where a is a constant, not necessarily an integer.  Plotting this function on
log-log paper is equivalent to taking the logarithm of both sides of the equation:
y` = log(y) =log (xa) = a*log x = a*x`.  Hence the function looks like: y` =
a*x` which is a straight line with a slope of a (slope means the ratio: y/x).  Empirical relations are often
determined by plotting experimental data on log-log paper.  If the line appears straight, the slope is measured
to give the exponent, a and a power-law relationship is determined.  

While semi-logarithmic and logarithmic plotting are very useful in linearizing a function to identify
its functional form, this type of plotting may distort a function beyond recognition.  To see that this
is true, the following program calculates and undistortedly draws a circle (the equation of a circle centered
at the origin is x² + y² = r², where r is the radius).

Program 1-2 A Circle Drawn Linearly
‘ circle1
SCREEN 112
VIEW (0,0)-(639,479)3
WINDOW (-80,110)-(80,-10)4
FOR I=-75 TO 75 STEP 255
LINE(I,0)-(I,2): Horin ticks6
z=INT(40+(i&5))7
LOCATE 27,x8
NEXT i 9
FOR i = 20 TO 100 STEP 2010
LINE (0, i)-(5, i):  'vert ticks11
zz = (28 - (i * .245))12
\ LOCATE zz, 3613
 PRINT i14
NEXT i15
LINE (-100, 0)-(100, 0): 'horiz axis16
LINE (0, 100) - ((0.  100): ‘vert axis17
yd = 50: r = 40: yo = yd: xo = -40:18
FOR x = -40 TO 4019
y = SQR(r* r - x * x) + yd)20
LINE (xo, yo)-(x, y)21

This program is considerably different from
Program 1-1 because all points of the circle must
be positive - logarithms are not defined for negative
values and it is desirable to make the comparison
between linear and logarithmic plotting as direct
as possible.

Lines 1 thru 3 are the same as before; line
3 was changed to limit the x extent of the circle
and to shift the x-axis down for a large positive
field.  The for-next loop from lines 5 thru 9 that
puts ticks and values on the x-axis are basically
the same as before except for a change in range
and ticking interval.  The for-next loop from lines
10 thru 15 ticks and labels the y-axis similarly.
Lines 16 and 17 draw the axes as before.  Line 18
gives the initial values for the plot with yd being
the displacement of the center of the circle from
the origin, and the radius being 40 screen units.
The for-next loop in lines 19 thru 24 draws the
circle the same as  Program 1-1, but it only draws
the upper half.  A circle is double-valued but a computer
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LINE (xo, -yo + 2 * yd)-(x, -y + 2 * yd)22
xo = x: yo = y23
NEXT x24
END25

code cannot handle double values so the problem
is split.  Line 22 is a cheat; it is just the mirror image
of the upper line.  The next program does it correctly.
The results of running the program are shown in

Figure  1.4-8.  For comparison, the following program generates a circle as a semi-logarithmic plot.

Program 1-3 Log Circle
s = 10 * LOG(i)11
LINE (0, s)-(5, s):  'vert ticks12
zz = (28 - (s * .245))13
LOCATE zz, 36 14
PRINT i15
NEXT i16
LINE (-100, 0)-(100, 0): 'horiz axis17
LINE (0, 100)-(0, -100): 'vert axis18
yd = 50: r = 40: yo = yd: xo = -40:19
yo = 10 * LOG(SQR(r* r - xo * xo) + yd)20
FOR x = -40 TO 4021
y = 10 * LOG(SQR(r* r - x * x) + yd)22
LINE (xo, yo)-(x, y)23
xo = x: yo = y 24
FOR x = -40 TO 4025
 y = 10 * LOG(-SQR(r* r - x * x) + yd)26
LINE (xo, yo)-(x, y)27
xo = x: yo = y28
NEXT x29

The first 10 lines of Program 1-3 are
the same as program 1-2.  Line 11 defines s as the
log of i to label the logarithmic y-axis.  The multiplier
of 10 adjusts the scale to be the same as is used
in the plotting.  Lines 12 thru 19 are the same as
the previous lines 11 thru 18 except for replacing
i by s.  Line 20 calculates the initial value of yo
for the log plotting.  Notice that yo was defined
on the  previous line but it is replaced by this new
value.  The value of yo could be calculated with
a hand calculator and entered as a constant but this
is easier.  Line 22 is the same as the previous line
20 except for taking the logarithm and multiplying
this by 10 for the scale factor.  The loop from 21
thru 25 draws the upper part of the log circle; the
loop from 28 thru 32 draws the lower  half with
lines 26 and 27 redefining the initial conditions.
The result are shown in Figure 1.4-9.

Fig. 1.4-9 Logarithmic Circle

Fig. 1.4-8 Computer-Drawn Circle
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1.4-12
1.4-13
1.4-14
1.4-15

1.4-16
1.4-17
1.4-18

1.4-19
1.4-20
1.4-21

Fig. 1.4-11 Rectangular,
 Cylindrical, and Spherical

Coordinates

END30

Polar Coordinates
Cartesian coordinates locate a point by its x-distance horizontally

from the y-axis, and its y-distance vertically from the x-axis.  This
is not the only way to locate a point; a point may also be located
by its radial distance from the origin and its angle from the positive
x-axis.  This graphing technique is called polar plotting.  For circular
geometry, polar plotting may be more convenient than Cartesian
coordinates.  As an example, x²+y² = a² is the equation of a circle
centered on the origin with radius a.  In polar coordinates, the equation
of a circle is simply: r = a.  Using Figure 1.4-10, equations 1.4-12,13
transform from polar coordinates to Cartesian coordinates, and, equations
1.4-14, 15 transform from  rectangular to polar coordinates, where
r is the radial distance from the origin to the point p(r,� ) and �  is the
counter-clockwise angle measured from the x-axis.  

1.4.4 Three-Dimensional Coordinates

Relating Rectangular to Cylindrical Coordinates
Figure 1.4-11 relates rectangular to cylindrical coordinates through

equations 1.4-16,17,18, where �  is the perpendicular radial distance from
the z axis.  In cylindrical coordinates, an infinite cylinder may be specified
in cylindrical coordinates by specifying only the radius, �  = a.  This is much
easier than specifying a cylinder in Cartesian coordinates.

Relating Rectangular to Spherical Coordinates
Also from Figure 1.4-11, equations 1.4-19, 20, 21 relate rectangular

to spherical coordinates, where r is the radial distance from the origin to
the surface, �  is the azimuthal angle measured the same as the angle in cylindrical
coordinates, and � , called the polar angle, is the angle between
the radius and the z-axis.  (This is similar to but not the same
as latitude because latitude is measured from the equator.)  Of
the many other coordinate systems, these are the major ones.

1.5 A Mathematical Refresher

This section presents a review of familiar mathematics
that needed for the rest of this book.  Readers familiar with this

Fig. 1.4-10 Polar and
 Cartesian Coordinates
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Fig. 1.5-1 Degrees of Freedom of an Equation

1.5-1a

1.5-1b

1.5-1c

1.5-1d

1.5-1e

1.5-1f

1.5-2

material may skip it; others needing refreshing may benefit.  It provides the initial conditions from which
we start; other mathematics will be presented as needed.

1.5.1 Algebra

Algebra is believed to be an invention of the Greek, Diophantus of Alexandria about 300 AD.
The word algebra is a corruption of an Arab phrase meaning restoration and reduction.  Until Descartes,
it was regarded as providing "place holder" locations for substitution of numbers after an equation had
been solved using symbols.  Descartes and others extended the conception to become a framework for
the manipulating of ideas.  In the 19th century, George Boole developed a special algebra, called "Boolean
Algebra" for formal logical reasoning; it has utility for the design of computers.  

Manipulating an Equation
Algebra relates quantities known and unknown.  An algebraic equation is of the form shown

in Figure 1.5-1 with the sides separated by an equals sign.  The denominator may not be explicit; it may
be 1 understood and not shown.

An equation remains balanced as long as the
same thing is done to each side.  It is unaffected
by addition, subtraction, multiplication, division
or operations that are performed on both sides.

In practice, some rules are like mechanical
rotations about different axes , as if an equation
were a physical object.  Figure 1.5-1 illustrates
an equation and identifies the rotational axes.
Consider equation 1.5-1a as a starting point.  If it is rotated (flipped) through
180o about the horizontal axis (axis 1) numerators become denominators
and vice versa (equation 1.5-1b.  If 1.5-1b is flipped about the vertical axis
(axis 2), so the left side becomes the right and vice versa, the result is equation
1.5-1c.  Flipping this about the forward diagonal axis (axis 4) produces
equation 1.5-1d; flipping this about the back diagonal axis (axis 3) produces
equation 1.5-1e.  Other operation can be performed by flipping a denominator
or a numerator provided it is multiplied and a “1" is understood to be left
behind as, for example,  is shown in equation 1.5-1f. for a flip of denominator
2 about axis 4.  All of these operations are a manifestation of the rule that
an equation remains unchanged when the same thing is done to both sides.

Solving the Quadratic Equation 
A quadratic equation contains a squared unknown

variable.  One method of solution, known to the ancient
Babylonians, is called "completing the square”.  Omar Khayyam,



Chapter 1 Getting Started

26

1.5-5

the Persian astronomer-poet- mathematician, used completion of the square to find a formula for solving
any quadratic equation in the form: a*x2 + b*x+c = 0.  Rearranging: x2+(b/a)*x = -c/a  To make the
left side a perfect square requires the addition of: (b/2*a)2 to both sides thus: x2+(b/a)*x+(b/2*a)2 =
(b/2*a)2- (c/a) = (x+b/2*a)2 = (b2-4*a*c)/(4*a2).  Taking the square root of both sides of the equation
and moving b/2*a to the right gives the quadratic formula (equation 1.5-2), where the parentheses mark
the operand of the square root.  What about solutions of cubic and quartic equations?  Scipio Ferro (1465-1536)
discovered the solution of the cubic (third power) equation which had baffled the Greeks.  Girolamo
Cardano (1501-1576) discovered the solution to the quartic (fourth-power) but neither solution is simple.
Regarding solutions of  the fifth and  higher order equations, Fermat (fur maw), the co-inventor of analytic
geometry, penciled a cryptic remark in the margin of  Diophantus' Arithmetica, known as Fermat's Last
Theorem that says equations of the type: an + bn  =  cn have no general solution for integers of n greater
than 4, and the proof is trivial.  The proof of this was only recently provided.

1.5.2 Series

A series is a sum of
numbers, each related to the
other by adding a constant
to the previous term
(arithmetic series) or multiplying the previous term
by a constant (geometric series).  

Arithmetic Series
Let a be the beginning term, and the next term be d+a where d is the difference between successive

terms may be written as equation 1.5-3, where means to add the terms beginning with ao and
ending with an.  The result of the summation is found by reversing the order of the terms on right side
of equation 1.5-2 to give equation 1.5-4.  Adding equations 1.5-3 and 1.5-4 gives the result as equation
1.5-5.  Notice that as the number of terms becomes very large, the sum increases as n2*d/2.  The use
of equation 1.5-5 is illustrated by adding the numbers from 1 to 6:  1+2+3+4+5+6 = 21.  Applying

 the equation for d=1, n=6 gives:  

This is not very impressive because it is easy to add a few numbers by hand.  But suppose you wanted

the sum of all numbers up to 9876, then: .  

It would have been tedious by hand, but it is easy using equation 1.5-5.  Computer code 1-4 directly
adds the sum.

Program 1-4 Series Calculator
'series calculator1
CLS2
INPUT ; "What is the beginning number?", a:3

Line 2 clears the screen.  Lines 3 thru 6
are input statements that present a prompt followed
by the variable that excepts the number.  The variables
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1.5-9

Fig. 1.5-2 Geometry

1.5-10
1.5-11

CLS4
INPUT ; "What is the difference between terms?",5
d: CLS6
INPUT ; "What is the number of terms?", n: CLS7
sum& = 08
FOR i = 1 TO n9
sum& = sum& + a10
a = a + d11
NEXT i12
PRINT "Sum is "; sum&:END13

have the same labels as equation 1.5-2.  Line 7
defines an accumulator as long integer.  The loop
from lines 8 thru 11 adds a+d to the accumulator
as many times as n.  Line 12 prints the answer.

If this is tested for a = d = 1, and n = 9876,
the answer is 48,772,626 the same as obtained
with equation 1.5-5.

Geometric Series
Equation 1.5-6 represents the

summation of a geometric series, where
a is the first term r*a is the second term,
and r is the ratio of successive terms.
The sum is found by multiplying both
sides of equation 1.5-6 by r, as shown
in equation 1.5-7.  Subtracting  equation 1.5-7 from 1.5-6
and rearranging gives the results in equation 1.5-8.  If r
is small and n is large then the simpler form shown in equation
1.5-9 is obtained.

As an example, consider the geometric series: 1,
2, 4, 8, 16, and 32 (a binary series), where a=1, r=2, and n=6. 

Equation 1.5-9 gives .  

This is reasonable because 26 = 64, but 1 must be subtracted to get our
answer.  Program 1-4 may be easily modified to calculate the geometric series.

1.5.2 Plane Geometry

Angle Measurement
Figure 1.5-2 (upper) illustrates several important geometric principles

that we will need.  If  a straight line intersects two parallel straight lines , the
two alternate interior angles are equal i.e.  �  =� ,  and �  = � .  If two straight lines
intersect, opposite angles are equal.  Furthermore the sum of the angles: �  +
�  = 180o, or �  radians. 

 A segment of circle is shown in Figure 1.5-2 (lower).
Euclid in one of his books says that an angle, � , measured
in radians, is the ratio of the arc length, s, divided by the
radius, r (equation 1.5-10).
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Fig. 1.5-3 Right Triangle

Fig. 1.5-4 Narrow Triangle

Fig. 1.5-5 Diagram
for
Pythagorean Theorem

1.5-10'

1.5-15
1.5-16

1.5-12
1.5-13
1.5-14

As an example of using equation 1.5-10, �  is defined as the ratio of
the circumference of a circle to its diameter: �  = c/d.  Substituting  c = s in
equation 1.5-10, we get the definition of � .  Angles are also measured in degrees
(from the Babylonians) with 360o being the angle contained in circle.  Since
these measure the same thing, equation 1.5-11 relates them. 

Equation 1.5-10 only works if angles are in radians.  

To use angles in degrees, in equation 1.5-10, they  must be converted
to radians.  In which case, it calculates the arc length, given the radius and
angle, or the radius if you know the angle and arc length.

1.5.3 Trigonometry

Trigonometry, as the name says, is the study of
three angled figures.  Figure 1.5-3 shows a right triangle meaning a triangle that
contains one 90�  angle (
 /2 radians).  The right angle is at the lower right corner.
Side c, opposite the right angle, is called the hypotenuse; a and b are the other
sides.  The ratios of the sides define the trigonometric functions in equations:
1.5-12, 13, and 14. Their reciprocals (function turned upside down) are called
the cosecant, secant and cotangent, respectively.  

Noted that the angles in a triangle add up to 
  (or 180� ).  If one angle
is 
 /2 then the other angles must add up to 
 /2 i.e. �  + �  = 
 /2.  

Small Angle Approximations of the Trigonometric Functions
Consider the small-angle triangle shown in Figure 1.5-4 circumscribed

by a circle of radius r, centered at the left angle.  Sides a and c are equal
and equal to r.  As the angle � , becomes smaller, the length of b and the
arc s approach equality.  Thus if the angle is small, (� <10� ), trigonometric
functions become very simple because, the angle
in radians is the ratio of the side opposite the
angle and a side, and also equal to the tangent
or sine of the angle (equation 1.5-10’).  

Pythagorean Theorem
The Pythagorean theorem that relates the sides of a right

triangle was not known to the Egyptians.  They knew that a triangle
having sides in the ratio of 3:4:5 contained a right angle.  It remained
for the Greek mathematician-philosopher, Pythagoras, to discover the relationship of the sides.  Figure
1.5-5 shows a square drawn within a square such that four equal triangles are formed. The area of the
outer square is c²; the area of the inner square is (b-a)²; the area of any triangle is height*base/2, hence
the area of these 4 triangles is 4*a*b/2.  Then, c² = (b-a)² + 2*a*b.  Expanding and combining this
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1.5-17
1.5-18
1.5-19
1.5-20
1.5-21

Fig.  1.5-6 Straight Line 
Intercepts

Fig.  1.5-7 The Conic Sections

1.5-22

1.5-23

gives the Pythagorean theorem (equation 1.5-15).
Dividing this equation through by c2  and using
equations 1.5-12 and 1.5-13 gives equation 1.5-16
which is an important relationship.

Some other relationships are presented
without proof as equations 1.5-17 thru 1.5-21.

1.5.4 Analytic Geometry

The Straight Line
The equation of a straight line is given by equation 1.5-22, where

a is the constant slope and c is a constant vertical displacement.  The
intercepts, i.e. the places where the line intercepts the axes, are found
by setting y = 0 to give an x axis intercept of: -c/a.  By setting x = 0,
the y axis intercept -c is found  Once the intercepts are found, the line
may be plotted. by simply aligning a ruler with the intercept points and
drawing the line as shown in Figure 1.5-6.  The slope, a (equation 1.5-23),
is the ratio of how fast the line goes up to how fast it goes sideways, where
(x1, y1) and (x2, y2) are any coordinate pairs along the line, and
symbol �  means an incremental change in whatever variable
follows it.  Slope is the same thing as pitch in the sense of the
pitch of a roof, or grade of a road.  It is also the same as the
tangent which is the slope at a point on a curve.  In the case
of a straight line, how close point 1 is to point 2, makes
no difference, but if the line is curved, the slope changes
as the points approach each other, and become the tangent:
� y/� x �  dy/dx which is called the “derivative of y with
respect to x” the essence of differential calculus.  

The Conic Sections
The conic sections are figures generated by any

equation of two variables, neither of which are raised to
powers greater than two i.e. a*x2+b*x*y +c*y 2+d*x+e*y+f
= 0.  The name comes from the fact that, if  a cone (Figure
1.5-7, left) is sliced vertically (b) a hyperbola results (the
mirror hyperbola is generated by slicing the lower cone - not shown).  If the cone is sliced at an angle
to the axis (a) a parabola results.  If the cone is infinitely long to become a cylinder, an angle slice (c)
generates an ellipse; if the cylinder is sliced at right angle to the axis (d), a circle results.

Parabola 
A parabola is the locus of points equidistant from a  focal point  and the directrix line (Figure

1.5-8).  Since L2 is perpendicular to the directrix, parallel light perpendicular to the directrix meets at
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Fig. 1.5-8 Parabola

1.5-24

Fig. 1.5-9 Ellipse

1.5-25

1.5-26

Fig.  1.5-10 Hyperbolas

the focus point  Parabolas are primarily used to focus light as in a reflecting
telescope, or conversely, to produce a parallel beam of light, radar or
sound from a point source.  A common example is an automobile headlight.

Alternatively, a parabola is the locus points with an eccentricity:
�  = L1/L2 = 1.  The equation of a parabola is given by equation 1.5-24,
where, a is the focal length; for a focus at point at (0, a).  To shift the
center to the (h, k) location, subtract these quantities from the x and y
coordinates respectively.  The directrix, shown in Figure 1.5-8, is located
at distance a below the x axis.  Equation 1.5-24 is called the equation
of a “y-parabola” because its axis of symmetry is parallel to the y-axis.
If x and y are interchanged, it is an“x” parabola. 

Ellipse
An ellipse is the locus of point p(x, y) as it moves on a

plane such that the sum of the distances from two fixed points,
called foci is constant.  In Figure 1.5-9, L1 + L2 = constant, where
L1 and L2 are the distances from the foci to the point.  

Alternatively,  An ellipse is the locus of a point p(x, y)
that moves on a plane such that the eccentricity < 1.  That is,
the eccentricity, �  = L1/L3 < 1 where L3 is the distance from
the point to the directrix. and L1 is the distance from the point
to the focus nearest the directrix.  The equation of an ellipse centered
at (h, k) is given by equation 1.5-25, where a is the major axis
and b is the minor axis:  If, a = b = r, the ellipse is a circle centered
at (h,k).  Kepler discovered that the motions of the planets about
the sun are elliptical.  Ellipses also are found in architecture and
exhibit such phenomena as a watch (mechanical) placed at one focus can
be heard some distance away at the other focus.  

Hyperbola
A hyperbola is the locus of a point such that the difference between

the distance between the two foci is constant.  That is: L1 - L2 = constant.
Alternatively,  A hyperbola is the locus of a point such that the eccentricity:
�  >1.  That is: �  = L1/L3 = L4/L5 > 1.  The equation of the hyperbola (Figure
1.5-10) centered at the origin is given by equation 1.5-26.  The formula looks
like the equation of the ellipse, except for the minus sign.  The distance from the origin to where it crosses
the x axis is a; the length of a perpendicular from this crossing point to the asymptote is b, where a and
b are the major and minor axes. 

The shape of magnetic pole tips used in a quadrupole magnet, to focus nuclear particle beams,
is a  hyperbola.  
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1.5-27

Fig. 1.5-11 Conic Sections Generated
by the Same Equation

One Formula for All of the Conic Sections
The similarity between equations 1.5-24, 25, and 26 suggests

that all conic sections can be represented by equation 1.5-27 according
to whether the eccentricity: �  > 1 (hyperbola), �  = 1 (parabola) or
�  < 1 (ellipse), where p is the distance from the origin to the directrix
and (r, � ) are the polar coordinates.  Computer Program 1-5 generates
and plots all of the conic sections.

Figure 1.5-11 was drawn by the program for values of eccentricity shown in the figure to generate
an ellipse, a parabola, and a hyperbola.  The asymptotic lines are approached by the hyperbolas at their
extreme ends.

Program 1-5: Generating and Plotting the Conic Sections
' conic sections1
DIM X(0 TO 400), Y(0 TO 400), e(0 TO 2)2
SCREEN 113
VIEW (0, 0)-(639, 479)4
pi = 3.14159: p = 205
e(0) = .5: e(1) = 1: e(2) = 1.26
WINDOW (-110, 105)-(110, -105)7
LINE (p, -100)-(p, 100)8
FOR I = -80 TO 80 STEP 209
LINE (I, 0)-(I, 2): 'Horiz ticks10
z = INT(16 + (I * .14))11
LOCATE z, 3712
IF I <> 0 THEN PRINT (I)13
NEXT I14
 FOR I = -80 TO 80 STEP 2015
LINE (0, I)-(2, I):  'vert ticks16
zz = (40 + (I * .38))17
LOCATE 16, zz18
PRINT I19
NEXT I20
 LINE (-100, 0)-(100, 0): 'horiz axis21
LINE (0, 100)-(0, -100): 'vert axis22
FOR j = 0 TO 223
FOR I = 0 TO 18024
  Theta = I * pi / 17925
X(I)=COS(Theta)*e(j)*p/(1 + e(j)*COS(Theta))26
Y(I) = SIN(Theta)*e(j)*p/(1+e(j)*COS(Theta))27
NEXT I28
FOR I = 0 TO 17729
LINE (X(I), Y(I))-(X(I + 1), Y(I + 1))30

This program dimensions variables x, y,
and e in line 2 to store plotting points before the
plotting in lines.  Line 5 specifies 
  and the directrix
at 20 units from the origin; line 6 assigns three
values for the eccentricity, e, for an ellipse, a parabola
and a hyperbola.  Lines 3, 4 and 7 have been explained
previously.  Lines 8 thru 22 draw the axes, tick
marks, and plotting unit numbers.

Lines 23 thru 33 form a loop for cycling
values of the eccentricity.  Lines 24 thru 28 form
a loop for calculating the x and y coordinates of
equation 1.5-27 in 181 steps.  Lines 29 thru 32
plot these values in 178 steps (the range was decreased
slightly to avoid a numerical overflow.  For the
hyperbola, the asymptotic lines are automatically
drawn because actually two, mirror-image hyperbolas
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1.5-28a

1.5-28b

1.5-29

LINE (X(I), -Y(I))-(X(I + 1), -Y(I + 1))31
NEXT I32
NEXT j33
 END34

are being drawn and these line connect large values.
The right-hand hyperbola cannot be seen because
it is out of the range of the window.

1.5.5 Calculus

Calculus, co-invented by Newton and Leibnitz ,uses  the functional concept y = f(x) in which
the dependent variable, y, is determined by the value of the independent variable, x to investigate the
small change � y caused by a small change � x as the change approaches zero.

Two Types of Calculus
Equation 1.5-28a expresses  the ratio of the change

in the dependent variable, y to the change in the independent
variable, x in terms of a small step, h.  Generally the
ratio, � y/� x is not constant but depends on the function..
As � x becomes very small, the ratio converges to a value
called the “derivative” and is written as dy/dx (equation
1.5-28b).  Integral calculus is the inverse; it is concerned
with putting a differential back together again to find the function that was differentiated.

Differential Calculus
Equation 1.5-23 defined the slope as a difference operation like 1.5-28a  which defines a first-order

difference operator in terms of a small stepping distance.  x2-x1 = � x = h.  The first derivative, is the
limit of the difference operator as h goes to zero (equation 1.5-28b).

As an example, consider the equation of a line: y = a*x+b.  The difference ratio is: � y/� x =
[a*(x+h)+b - a*x-b]/[(x+h)-x] = [a*h/h] = a which verifies the previous statement that the slope of
the line is the coefficient of x in the equation of a straight line.  For a straight line, it is not necessary
for h to approach zero to define the slope because the slope is the same throughout the line.

The Leibnitz notation, dy/dx, explicitly shows the independent and dependent variables (x and
y respectively).  The Newtonian notation, y' is compact but does not show the independent variable.
This notation is even more  deficient if there are several independent variables.  Differentiation, when
there are several independent variables, is
performed using partial derivatives i.e. cyclic
differentiation using the independent variables
one at a time, with the other variables held
constant.  Each of these differentiations is
added to give the total derivative, e.g. the
total derivative of f(x, y, z) is given by equation 1.5-29,:where the symbol, � , is the partial derivative
symbol, meaning that all other variables are held constant except the one following the "� ".
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1.5-30

Fig. 1.5-12 Integrating f(x)

Integral Calculus
The integral of y is shown in equation 1.5-30 to be the process

of putting the small pieces of dy back together by summation.
Integration finds what was differentiated except for a constant
(the constant cannot be found because its derivative is zero).
This definition of an integral, is called an "indefinite integral"
because the range of the independent variable is not specified.
The “� ” symbol, meaning integration is a stylization of the summation
symbol, �  (Greek capital sigma).  If the range of integration is
specified, the operation is a “definite” integral, and, according
to Riemann, it is numerically equal to the area enclosed by a function,
the abscissa axis and the limits of integration.

Figure 1.5-12 shows an area that is bounded by the function
y = f(x), the vertical lines at x = 0 and x = 1 and the x axis.  The
sum of the small rectangles, each having area: y*� x, is the area under the curve.  The trapezoidal method
slants the tops of the slices to better fit the curve.  Simpson’s  method fits a parabolic curve to the function
at the top of each slice.  Program 1-6 uses all three types of integration to compare each method.. 

Program 1-6 Three Types of Numerical Integration
'Three numerical integration schemes1
'Int=h/3*(yo+4*y1+2*y2+4y3+...yn)2
CLS3
INPUT "What is the lower limit"; lolim4
INPUT "What is the upper limit"; uplim5
INPUT "Even number of steps?”; nosteps6
h = (uplim - lolim) / nosteps7
simp = 0: sq = 0: trap = 0: yold = EXP(lolim) FOR8
i = 0 TO nosteps9
'begin Simpson10
IF i MOD 2 = 0 THEN a = 211
IF i MOD 2 <> 0 THEN a = 412
IF i = 0 THEN a = 113
IF i = nosteps THEN a = 114
arg = EXP(lolim + i * h)15
simp = simp + a * arg16
'begin rectangular IF i < nosteps THEN y = EXP(lolim17
+ i *h)18
sq = sq + h * y19
'begin trapezoid20
IF i > 0 THEN trap = trap + h * (y + yold) / 221
yold = y22
NEXT i23

Line 2 is Simpson’s rule that begins in line
10.  Notice that the coefficients of y0 and y1 are
1, and the other coefficients alternate between 4
and 2 according to their respective parity, i.e.  4
for odd, and 2 for even.  This coefficient selection
process is implemented in lines 12 thru 15.  

Lines 4 thru 6 request your input for the
upper and lower limits and the number of steps
(slices) for the integration.  Line 7 defines h as the
difference between the upper and lower limits divided
by the number of specified steps. Line 8 initializes
the accumulators for the Simpson, trapezoidal and
rectangular methods, and yold for the rectangular
method.  Line 16 is the function to be integrated
in the Simpson  method with the summation put
in line 17.  Line 18 begins the rectangular method
enclosed in an IF statement to prevent summing
a slice beyond the upper limit; line 19 adds the results.

Line 21 begins the trapezoidal method.
The 0-step is suppressed to define the first trapezoid;
individual slices are summed in line 16. Line 18
both defines the function for rectangular integration
and requires that the last one be omitted because
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1.5-31

1.5-32

1.5-33

1.5-34
1.5-35

simp = simp * h / 324
PRINT "integral by Simpson = "; simp25
PRINT "integral by rectangular = "; sq26
PRINT "integral by trapezoid = "; trap 27
END28

the forward stepping would otherwise put a slice
beyond the upper limit.  The results are printed
by lines 25 thru 27; line 24 is required for Simpson’s
formula (line 2).

The program calculates the integral of � exp(x)*dx.  The limits used for the following numerical
results were x = 0 and 1.  The results of running the program using 4 slices is: Simpson, 1.7183; rectangle,
2.042; trapezoid, 1.64.  For 8 slices, the respective results are: 1.71828, 1.913, and 1.701.  For 16 slices:
1.71828, 1.8247, and 1.714.  The correct answer to 5 decimal places is 1.71828.  Clearly Simpson’s
method gives accurate results with few slices, but it may become unstable with some functions, and
it is necessary to have definite limits while the other two methods may be used to calculate “running”
integrals i.e find the limit for a given the value of the integral.  With computers, the number of slices
is not very important, so it is about as easy to program the trapezoidal method as the rectangular and
the convergence is more rapid .

Maclaurin’s Series
Continuous functions with continuous

first derivatives may be represented as a polynomial
to various powers (equation 1.5-31).  The a's
are unknown, but can be found by differentiation.
The formula for differentiating a variable to a power
is: d(xn)/dx = n*xn-1.  Using Newton's prime notation,
differentiate both sides of equation 1.5-31: to find
for x=0: f`(0) =a0 , f'(0) = a1, f''`(0) = 2*a2, f'''(0)
= 3*2*a 3 .... Substitute this into equation 1.5-31,
to get Maclaurin’s series (1.5-32).  The summation
over j ranges from 0 to as many terms as are needed for accuracy, j! is "j-factorial" meaning: j*j-1*j-2*j-3*...1 ,
e.g. 3! = 3*2*1 = 6.  In Einstein's notation, the summing index is the repeated index, which is j for
equation 1.5-32.

Taylor’s Series
Taylor's series is like Maclaurin's, except the series is evaluated x = x0.  This is accomplished

by substituting x� x - x0  into Maclaurin’s series and evaluating the derivatives at xo as shown in equation
1.5-33:

Examples of equation 1.5-32 are the series representation
of the sine function  (equation 1.5-34); and the series representation
of the cosine function. (equation 1.5-35).  Notice that for small
arguments, the value of the sine approaches its argument, and
the cosine approaches 1.
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A Short Table of Integrals and Differentials
For convenience later in this

book Table 1.5-1 presents a table of
some integrals and differentials of
functions.  Extensive tables are found,
for example, in the Chemical Rubber
Publishing Co. Handbook of Chemistry
and Physics, 1981 (hereafter called the
“Rubber Handbook), and in A Short
Table of Integrals, by B. O. Peirce, Ginn
and Company, 1929. 

1.6 The Computer

Mechanical arithmetic aids such
as the abacus are ancient.  Leibnitz tried, unsuccessfully, to make a calculator, but Pascal, as a boy,
invented a calculator to perform arithmetic for his father’s accounting business.   A major 19-th century
advance in the development of the computer began with Babbage’s  and Jaquard’s programed weaving
looms.  As late as World War II, the state of the art in electrical-mechanical computers was the Mark
I relay computer at Harvard for calculating artillery tables.  John von Neumann made the major step
in the development of the modern computer by suggesting that both data and the instructions for the
calculation be stored in the memory.  The first electronic computer was built after the war at the University
of Pennsylvania, using vacuum tubes with a electrostatic memory called a Williams tube.  These computers
were very unreliable, large and required a great deal of power.  The development of the semiconductor,
also an outgrowth of the war, led to the invention of the transistor which when manufactured in integrated
circuits made the personal computer a practicality. 

1.6.1 What The Computer Can Do

Calculations and Results Display
The typical personal computer vintage 2000 displayed information on a 14-inch cathode-ray

tube (CRT) at a resolution at VGA (640 x 480 pixels ~ 0.3 million dots) or SVGA (800 x 600).  Manual
communication with the computer was by the keyboard; bulk information transfers  by floppy disks,
removable hard disks, CD-ROM disks, or by wire through a port; paper copy was via the printer.  Information
was  stored temporarily in registers in the central processing unit (CPU), and in the random access
memory (RAM).  Information is “permanently” stored in read-only memory (ROM) the hard disk,
or tape.  It was organized in groups called words composed of 16, 32, or 64 binary bits with 8 bits to
a byte (a character uses 8 bits).  The CPU contained a program counter that calls words from memory
that are identified according to whether they are instructions or data by their location in memory.  The
program cycled through the instructions one at a time until the program ends.  The only arithmetic
that the digital computer can perform was addition, subtraction, multiplication and division.  Its purpose

Table 1.5-1 A Short Table of Differentials and Integrals 

function derivative integral ref. no.

 xn  n*xn-1  xn+1/(n+1)  1.5-36

 1/x -1/x2  ln(x)  1.5-37

 sin(x)  cos(x) -cos(x)  1.5-38

 cos(x) -sin(x)  sin(x)  1.5-39

 tan(x)  sec2(x) -ln(cos(x))  1.5-40

 ex  ex  ex  1.5-41

 ln(x)  1/x  x*ln(x) - x  1.5-42

 u*v  u*dv/dx + v*du/dx  u*� v*dx + v*� u*dx  1.5-43
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was to store the numbers for calculation, perform the arithmetic operations, save and present the information.
It cannot perform higher mathematics with hardware, but can with software. 

Computer Notation
The early input and output (I/O) devices were teletypewriters via punched paper tape.  This

restricted the format to capital letters giving rise to "E" for representing scientific notation.  For example,
the velocity of light: c = 3.0*1010 m/s is 3.0E10 m/s in the E notation.

Another change, brought by the limitations of format is that, traditionally, variables and constants
were represented by single letters that might have superscripts and subscripts.  Multiplication was signified
by grouping letters together.  Computer programs, as we have seen, explicitly indicate multiplication
by an asterisk ( * ).  The use of multiple letters for variables allows suggestive names  that make the
program easier to read.

When the computer performs operations, the order of priority is: parentheses, functions,  multiplication
and division, and addition and subtraction.  Parentheses assure the order of processing.  They identify
the arguments of functions e.g., sine�  is written as sin(� ) to explicitly show the argument.  Similarly,
� (x*y*z) is written as sqr(x*y*z).

Subscripted variables such as xi,j are written as x(i,j) and called a “dimensioned” variable.  The
range of the i and j indices must be declared in a “dimension” (DIM) statement to allocate the proper
amount of memory.

1.6.2 The BASIC Language

Programs in this book are written in the BASIC language that came with the disk operating
system (DOS) that controls the personal computerm.  The simplicity of BASIC results from the near-English
instructions that are converted
into the language of bits for the
computer.  In BASIC, this is done
line-by-line by the interpretern.
A interpreted program  must run
under BASIC, but compilers may
be purchased to produce programs
that run independently of the
BASIC language used for their
preparation.

Variables
Comment statements,

Table 1.5-2 Types of Variables used in BASIC

Variable Variable Type Range

Energy% Integer ±32768 using 2 bytes (16 binary
digits)

Energy& Double precision integer ±2.1 trillion using 8 bytes

Energy! Single precision float ±3.4E±38 accurate to about 7
decimal places and use 4 bytes

Energy# Double precision float ±1.74E±308 accurate to about 15
decimal places and use 8 bytes

Energy% Alphanumeric one byte for each letter in the
string
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Table 1.5-4 IF and CASE Condition Statements

IF Condition THEN SELECT CASE Variable 

...Lines of code CASE V1, V5, V6 Code

ELSE Condition 1 CASE V2 Code

...Lines of code CASE V3 Code

ELSE Condition 2 CASE V4 Code

ENDIF END Select

identified by “REM” or ‘ (tick) are not part of the program, but provide remarks: information such
as the title of the program.  A dimension statement begins with "DIM" followed by a list of variables
with the range of the variables in parentheses, and separated by commas.  For example, an indexed
variable may be written as Energy(from 0 to 99).  A variable designated in this manner means that
there are variables: Energy(0), Energy(1)... Energy (99) where each index identifies a number.  Variables
without the parentheses have only one dimension i.e. the name represents a single value (until changed).
Table 1.5-2 indicates the types, ranges, and word size of variables used in BASIC.

Loops
Automatically repeating
calculations (looping) with
parametric changes is one
of the most useful capabil-
ities of computers.  Table
1.5-3 shows three types of
loops.  Perhaps the most
common is the FOR-NEXT
loop (column 2).  It begins
with FOR, names the index, its starting number, end number, the stepping increment, all in one line.
This is followed by the statements that are being affected by the loop with the end marked by NEXT
Index.  Loops can be within loops but they must have different indices and must not cross.  A  DO-loop
(column 3) begins with the key word DO and ends with a Boolean condition e.g. Index > Index maximum.
The initial value of the index may be assigned before the DO statement (otherwise zero will be assumed
in BASIC).  The index must be modified, but not necessarily by incrementing,  and the loop end is
indicated by a condition for exiting the loop.

A WHILE-WEND loop (column 4) also requires the index to be initialized.  It begins with
WHILE and a Boolean condition for entry and continuing to loop, it also requires an index modification
statement; the end is indicated by WEND.

GOTO Statement
When the program comes to the key “GOTO Address,” the program jumps to the Address which

may be a name or a number followed by a colon preceding the line of code addressed.  Loops can be
constructed with GOTO statements by using
the GOTO in a IF statement.  The GOTO statement
has a bad reputation because of abusive use that
results in "spaghetti" code i.e. code that wanders
around and is difficult to understand and validate.

If and Case Statements

Previously, a Boolean condition determined
whether  to enter or continue in a WHILE-WEND

Table 1.5-3 Loop Structure

Beginning FOR Index = Start TO
End STEP No.

DO WHILE Condition

Index Initiation Not applicable Index = No. Index = No.

Contents of Loop xxxx xxxx xxxx

Index Change Not Applicable Change Index Change Index

End of Loop NEXT Index Condition WEND
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loop, or exit a DO loop.  Conditions may be placed on whether or not to execute some lines of code
according to a Boolean test. Table 1-5.4 shows two ways.  Column 1 depicts the one most commonly
used.  It begins with IF followed by the Boolean condition to be satisfied, followed by THEN.  If the
action to be performed can be placed on the remainder of this line, this is all that is needed.  If the condition
is not satisfied,  the next line is executed.  If that which is to be performed requires one or more lines,
the end is indicated by END IF.  Subsequent tests begin with ELSE IF and the condition.  The last alternative
is labeled ELSE, that which is to be done and ended by END IF.

A more compact way for performing multiple alternatives is column 2, SELECT CASE Variable,
where Variable names the variable (V in the table) to be tested which, if true, causes the subsequent
code to be executed.  If the test is simply number or letter matching, the word CASE precedes the test
value.  If it is a Boolean condition, CASE IS is used e.g. CASE IS <1.

There are many other commands used in BASIC that will be learned by doing.

1.7 Summary of Chapter 1

This background chapter introduced units of measurement, their evolution, techniques for checking
and conversion.  An application of dimensional analysis was demonstrated in which the equation for
a simple pendulum was obtained (except for normalization) without any physics - just by inference
from the units: length, mass and time.  These units were presented as the fundamental units out of which
others are constructed.  We saw that physics has been and remains the servant of man.  Examples cited
here were: the development of accurate time measurements for the exploration of the earth and the
telescope for planetary motion.  Since physics is based on numbers and space, several coordinate systems
were presented that evolved from map-making.  The computer, a recent servant of man, was demonstrated
by generating and plotting geometric figures.  The computer provides a convenient way to study what
happens when parameters are changed and in a sense it can be our home laboratory for performing
numerical experiments.  The chapter concluded with a brief review of 2000 years of mathematical
development to be used later.

1.8 Resources for Chapter 1

In designing this chapter and laying out the plan of the book, numerous excellent texts were
consulted.  The texts were White, 1947; Hausmann and Slack, 1947; Halliday and Resnick, 1988; Adair,
1975; Atkins, 1972; and Feynman et al., 1963.  However these do not show physics’ historical and
logical development.  In this pursuit, the natural beginning is with of units of measure using information
from Boorstin, 1983; Newman, 1956, and articles in the Encyclopedia Britannica, 1974 and the Encyclopedia
Britannica, 1956.  Information on the development of clocks drew on Milham, 1944; dimensional analysis
drew from Encyclopedia Britannica, 1974, and Bridgman, 1931, the mathematical review drew from
Heineman, 1947, and Underwood and Sparks, 1948.
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Fig. 1.9-1 Triangle for the
Law of Cosines

1.5-43

1.9 Problems

1.  Converting units:
a) What is your weight in Newtons?
b) How many wavelengths of red cadmium light equals your height?
c) Astronomers define a unit called a parsec to be a distance

such that an astronomical unit (AU), the mean distance of the Earth
from the Sun which is 149,501,201 km, subtends 1 second of arc.  How
long is a parsec in kilometers ? 

2.  Trigonometry: Figure 1.9-1 shows triangle abc that is not
a right triangle,  Use the Pythagorean theorem to obtain the law of cosines:
c² = a² + b² -2*a*b*cos� .  Hint - a+ecd is a right triangle. 

3.  Measuring the Earth: Referring to Eratosthenes' measurement
of the Earth’s diameter, when the sun cast a shadow of 7� 14' in Alexandria,
no shadow was cast in a well (presumably pointing at the Earth's center)
believed to be 574 miles due south of Alexandria.  

a) Repeat Eratosthenes' calculations for the Earth's diameter.  
b) Suppose Eratosthenes could find no well radial with the sun but there was an obelisk

located 494.6 miles due south of Alexandria that cast a 1o shadow when the one in Alexandria casts
the 7� 14' shadow.  Calculate the Earth's diameter with these facts.  

c) Compute the estimated error in calculating the Earth's circumference using Eratosthenes'
method (problem 3a) assuming plus or minus one minute uncertainty in the angular measurement and
±10% error in the distance measurement.  Hint: the total derivative is the sum of the partial derivatives
times the uncertainty in the independent variable used in the partial.  Combine the results in "quadrature"
i.e.  as the square root of the sum of the squares contributing to the uncertainty.  

4.  Dimensional Analysis: Determine the form of the relationship for the period of a spring
pendulum.  The dimensions for the spring constant are force per length or M*L/T².  

5.  Series:
a) Divide 1+x into 1 using long division and obtain a series in x.  
b) One of Newton's prized discoveries was the Binomial Series given as equation 1.5-42

which he discovered as a teenager, where the combinatorial factor: nCj is given by equation 1.5-43.

Equation 1.5-42 is easily verified when n is an integer,
but it is also valid when n is negative or a  fraction.  Verify
your answer to 5a using equation 1.5-42.

6.  Integration: Integrate the series produced in problem 5a term-by-term to get a series for � dx/(1+x).
7.  Differentiation: Demonstrate that the binomial series (1.5-43) is true using the Maclaurin
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series.  
8.  Computer Program:

a) Write a computer program that integrates sin(x) from x = 0 to 1 by slicing the function
into rectangles.  

b) Compare the results from 6a using 2, 4, 8 and 16 slices with integral tables to determine
the error in this method as a function of the number of slices.  Notice that the number of slices depends
on how fast the function varies in the interval.  

c) Compare the results from rectangular integration with those obtained from Simpson's
rule. 


